We use the Percus-Yevick approach in the chemical-potential route to evaluate the equation of state of hard hyperspheres in five dimensions. The evaluation requires the derivation of an analytical expression for the contact value of the pair distribution function between particles of the bulk fluid and a solute particle with arbitrary size. The equation of state is compared with those obtained from the conventional virial and compressibility thermodynamic routes and the associated virial coefficients are computed. The pressure calculated from all routes is exact up to third density order, but it deviates with respect to simulation data as density increases, the compressibility and the chemical-potential routes exhibiting smaller deviations than the virial route. Accurate linear interpolations between the compressibility route and either the chemical-potential route or the virial one are constructed.
INTRODUCTION
The thermodynamic and equilibrium statisticalmechanical behavior of liquids and dense gases can be conveniently described by means of distribution functions [1] [2] [3] [4] . The most widely used one is the pair correlation function or radial distribution function (RDF) g(r), which is particularly appropriate for the study of systems of particles interacting with a pairwise additive potential. For such fluids, there exists a set of well-established, rigorous relationships connecting thermodynamic quantities with configuration integrals over RDF. In particular, the compressibility, energy, and pressure (or virial) equations provide well-known routes to the thermodynamic properties of the fluid [1] [2] [3] [4] [5] .
Thermodynamic properties can also be obtained from another route that connects g(r) with the chemical potential µ through the charging process of a test particle in the fluid [1, 6, 7] . This represents the chemicalpotential route (µ route), which has remained almost unexplored until recent years, when it was used to obtain a new Percus-Yevick (PY) equation of state (EOS) for the hard-sphere system [8] . Subsequently, this has been formally generalized to arbitrary multicomponent systems and applied to additive hard-sphere (AHS) mixtures [9] . In addition, the EOS of sticky hard spheres (or Baxter model [10] ) was derived and the critical point associated with a liquid-gas transition was captured by PY results in this way [11] .
All these routes (virial, energy, compressibility, and µ) are formally exact and thermodynamically equivalent, provided that the exact RDF is employed [5] . Actually, however, only approximate evaluations of g(r) are available for systems in dimensions d > 1 with nontrivial interactions. In general, the RDF is obtained with some accuracy from numerical simulations [4] , by solving integral equation approximations (e.g., the PY [12] and hypernetted chain approaches [13, 14] ) or from density functional theories [15, 16] . In this context, the µ route has demonstrated to provide an alternative and useful path for the study of the thermodynamic properties of fluids.
With the aim of extending the use of the µ route and to gain insight into its properties, in this paper we apply the µ method to find the EOS of the hard hypersphere fluid at spatial dimension d = 5. Besides the intrinsically interesting properties of hard particle systems, they are an important basis for constructing more complicate models, so that there are active theoretical efforts to study them in dimensions d > 3 (see, for instance, Refs. [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] and references therein).
The µ route is based on a charging process where a test particle (solute) with tunable interaction is inserted into the bulk fluid (solvent particles). As a consequence, the application of the method requires the solute-solvent RDF of the corresponding binary system in the infinite dilution limit. To our knowledge, the only systematic theoretical method for the evaluation of the RDF of AHS fluid mixtures at dimensions higher than d = 3 is the so-called rational-function approximation (RFA) [35] . Its simplest implementation provides the solution of the Ornstein-Zernike relation coupled with the PY closure for AHS mixtures in odd dimensionalities [36] . Therefore, we adopt the RFA technique at the PY level in the present study.
This work is organized as follows. In Sec. II we present
(Color online) Cartoon of the charging process of the solute from a point particle (ξ = 0) to a particle equivalent to any solvent particle (ξ = 1).
the basic formulation of thermodynamics routes for hypersphere systems. Section III gives, within the PY theory, the five-dimensional RDF for a coupled particle with arbitrary size, a key quantity for evaluating the EOS in the µ route. The technical details are elaborated in the Appendixes. The results are presented in Sec. IV. Finally, in Sec. V we offer some conclusions.
II. FRAMEWORK
The EOS for a single component system of hard dsphere particles can be expressed as a relationship between the compressibility factor Z = P/ρk B T (where P is the pressure, ρ is the average particle density, k B is the Boltzmann constant, and T is the temperature) and the packing fraction η = v d ρσ d , with σ the diameter of the particles and
) the volume of a d-dimensional sphere of unit diameter. In the µ route, the EOS is given by [5, 8, 9, 37] 
where g(η; ξ) ≡ g 12 (σ + 12 ) is the contact value of the solutesolvent RDF, which depends on both η and the coupling parameter ξ. The latter is defined as the ratio between the solute and the solvent diameters, so that the minimum possible distance between solute and solvent particles is
Thus, ξ regulates the strength of the interaction between the test particle and the rest of the fluid. When ξ = 0 the test particle is a point that cannot penetrate the solvent particles, while when ξ = 1 the test particle is indistinguishable from any particle of the bulk fluid. This charging process is schematically illustrated by Fig. 1 . For comparison, the compressibility factor in the virial and compressibility routes are expressed by [27] 
and
where χ(η) is the isothermal susceptibility. Since hard spheres are athermal, the energy route to the EOS becomes useless. In order to evaluate g 12 (σ + 12 ) within the RFA approach [35] , it is convenient to introduce the Laplace functional defined by 6) where g ij (r) is the RDF of the pair (i, j) and θ n (sr) is the reverse Bessel polynomial of order n = (d − 3)/2 [27] . This functional is directly related to the static structure factors S ij (k) of a multicomponent fluid,
7) where k is the wavenumber, x i is the mole fraction of species i, and i is the imaginary unit. The functional G ij (s) provides us with all the necessary information about the structure and thermodynamics of the fluid state. In particular, the contact values are [35] 
σ ij being the contact distance of the pair (i, j).
III. PY APPROACH
The exact solution of the PY approximation for d-odd AHS mixtures with any number of components has been described in detail in Ref. [35] within the framework of the RFA method. For the sake of consistency, the main expressions particularized to Five-dimensional (5D) binary mixtures are presented in Appendix A. From them one can take the limit of solute infinite dilution to obtain the solute-solvent contact value g(η; ξ). The details are worked out in Appendix B and here we only quote the final result: where
In the special case ξ = 1 one recovers the solvent-solvent value, namely.
In the opposite limit ξ = 0 one obtains the exact results [8] g(η; 0) = 1/(1 − η) and ∂g(η; ξ)/∂ξ| ξ=0 = 5η/(1 − η) 2 . Figure 2 shows the ξ-dependence of g(η; ξ) for the representative packing fraction η = 0.2.
Once g(η; ξ) has been analytically determined, the integral in Eq. (2.2) can be evaluated with the explicit result
whereζ ≡ ζ/(1 − η). The compressibility factor in the µ route can be easily evaluated from Eq. (2.1) by numerical integration. Equation (3.3) can be used to evaluate the virial route to the EOS from Eq. (2.4). Finally, the isothermal susceptibility of 5D hyperspheres in the PY approach is [27, 38] 
From here one can obtain the compressibility route to the EOS via Eq. (2.5) as
IV. RESULTS
A. Virial coefficients
We start this section by considering the virial expansion 
where the coefficients g n , which are defined by the expansion
are easily obtained from Eq. (3.4). Table I contains the first 12 virial coefficients obtained from the three routes in the PY theory. As is well known, the PY theory yields the exact virial coefficients up to third order, regardless of the thermodynamical route. However, discrepancies among results from different routes appear for upper order coefficients (n ≥ 4). As a peculiar feature, it may be observed that, in contrast to the three-dimensional (3D) case [8] , the µ route yields irrational virial coefficients (due to the logarithmic term) for n ≥ 5. On the other hand, the virial and compressibility routes yield rational numbers for the virial coefficients of hypersphere systems in all odd dimensions [39] . Table II shows the three sets of PY virial coefficients in numerical format and compares them with the exact result for n = 4 [23] and with recent accurate values for 5 ≤ n ≤ 12 [34] . The relative deviations are displayed in Fig. 3 . It is quite clear that the compressibility route gives the closest agreement with the exact values, while the values calculated from the µ and virial routes are rather similar, with a slight improvement of b
n . It is interesting to remark that the three PY routes capture the alternating sign change between n = 7 and n = 12, while a negative sign of b 6 is wrongly anticipated by the virial and µ routes. In the PY case, the alternating character is related to the existence of a branch point singularity on the negative real axis (at η = −3/2 + 5 √ 3/6 ≃ −0.0566), which determines the radius of convergence of the virial series [39] .
Regarding the closeness between b (n → ∞) [8] , in the 5D case the ratio first increases from 0.881 (n = 4) to a maximum value 1.225 (n = 6) and then (from n = 8) monotonically decreases towards an asymp- n tends to increase with increasing dimensionality. We will return to this point at the end of Sec. IV B. [30] (symbols) and from an accurate Padé approximant Z [4, 5] (dash-dotted line) [30, 40] are compared with PY results in the virial (long dashed line), compressibility (short dashed line), and µ (solid line) routes. The dotted vertical lines mark the freezing and melting packing fractions [29] .
B. Equation of state at finite density
As said before, the compressibility factor of 5D hyperspheres in the PY µ route can be obtained through numerical integration from Eq. [30] are denoted by symbols, while the dashdotted line represents a Z [4, 5] Padé approximant [30, 40] based on high precision calculations of the first ten virial coefficients [24] . The freezing (ρσ 5 ≈ 1.06, η ≈ 0.174) and melting (ρσ 5 ≈ 1.25, η ≈ 0.206) densities calculated for the D 5 lattice [29] are also indicated. As expected, all three PY routes converge to the exact results at very low density. On the other hand, as the packing is increased, the compressibility route overestimates Z, whereas the virial and µ routes underestimate it, the values from the µ route being slightly better than those from the virial route.
The relative deviations of Z Relative differences between the compressibility factor Zex evaluated from computer simulations (η > 0.14) [30] or from the Padé approximant Z [4, 5] (η < 0.14) [30, 40] and the PY results in several routes (filled symbols). Open symbols correspond to the interpolations Zv,c (squares) and Zµ,c (triangles) from Eqs. tween simulation or Padé-approximant results and the PY theory become 3.2%, 2.2%, and 2.5% for the virial, compressibility, and µ routes, respectively, while they increase to 11.7%, 9.8%, and 9.3%, respectively, when the packing fraction η = 0.2 is reached.
Looking for a better agreement with numerical experiments from PY solutions, one can construct new EOSs through Carnahan-Starling-like interpolations of the form
To test this possibility, one can define density-dependent weight functions
] to check to which extent they are weakly dependent on η. This is done in Fig. 6 , which shows evaluations of the parameter α(η) from available data. Variations observed at the lowest densities (η < 0.07) are due to the ratio of very small values; actually, all three routes yield accurate results for very dilute gas conditions. On the other hand, it is clear from Fig. 6 than there is not a unique value of α v,c (η) or α µ,c (η) in the fluid phase region (η < 0.2). However, it is to be noted that α = , and vertical lines refer to the freezing and melting packing fractions [29] . η ≈ 0.2 than the simpler value α = The improvement of the µ route over the virial route observed in the virial coefficients (see Table II and Fig.  3 ) as well as in the EOS at finite densities (see Figs. 4 and 5) can be rationalized by the following heuristic argument [8] . Comparison between the exact statisticalmechanical formulas (2.1) and (2.4) shows that, while the µ route is related to the (weighted) average g(η) of the contact value g(η; ξ) in the range 0 ≤ ξ ≤ 1, the virial route is directly related to the local value g(η; 1). Since both g(η; ξ) and its first derivative ∂g(η; ξ)/∂ξ are given exactly by the PY approximation at ξ = 0 (see Fig. 2 ), it seems reasonable that the average value g(η) is better estimated than the end point g(η; 1) by the PY approximation. In this respect, it is also worth noting that the weight function (1 + ξ) d−1 in Eq. (2.2) increases with ξ (except in the one-dimensional case, d = 1), so that the average value g(η) is more influenced by the approximate values of g(η; ξ) near ξ = 1 than by the quasiexact values near ξ = 0. This bias strongly increases with increasing dimensionality [in fact, ( 
, which explains why the discrepancy between the PY µ and virial routes is much smaller with d = 5 than with d = 3.
V. FINAL REMARKS
In this paper, we have considered an application of the Kirkwood coupling parameter method (or µ route) to the thermodynamics of classical fluids. Specifically, the EOS of the 5D-sphere fluid has been derived from the µ route by exploiting the knowledge of the exact solution of the PY theory for this system. The basic quantity required for this implementation is the contact value of the RDF for a partially coupled particle, which corresponds to a binary mixture with one infinitely dilute component. Although the PY approximation had been solved for the 5D-sphere system by Freasier and Isbister [38] and by Leutheusser [42] , their methods do not provide the RDF of a binary mixture required here. For this purpose we have used the RFA method [35] which exactly solves the PY equation for hypersphere mixtures in odd dimensionalities. The RDF obtained in this way has an analytical expression and the resulting EOS in the µ route is derived from a numerical integration over density.
By examining the first few coefficients in the density expansion for the EOS and comparing them with available exact or highly accurate values, it is seen that, although the PY theory is exact up to the third coefficient, it rapidly worsens for increasing density order. Specifically, the compressibility equation gives in general the most satisfactory values, followed by the µ route, which becomes somewhat better than the virial one. Contrary to the case of 3D-sphere systems [8] , linear interpolations of the PY EOS from different routes do not improve the evaluation of the virial coefficients.
Regarding the behavior at finite densities, the pressure predicted by the µ route is observed to lie below to simulation data within the fluid phase. Interestingly, the deviations of the compressibility and µ routes with respect to the numerical experiments are roughly of the same magnitude (but of opposite signs) in this region and both are lower than those from the virial route. An accurate fit to simulation data in the fluid regime (η < 0.2) is obtained if the compressibility and µ routes are added together with equal weights. An alternative accurate fit to numerical experiments may be derived by a similar interpolation between the virial and compressibility routes with appropriate weights. These results show a rather regular behavior of the three PY routes around the exact EOS within the whole fluid region.
Appendix A: RDF for a general five-dimensional binary mixture
For an AHS binary mixture at d = 5, the exact PY solution of the functional (2.6) may be expressed by [35] 
where L m (m = 0, 1, 2) and B(s) are 2 × 2 matrices. More specifically,
where I is the unit matrix and Φ m (s) (m = 0, 1, 2) are diagonal matrices with elements
where
Furthermore,
Here, M n ≡ x 1 σ n 1 + x 2 σ n 2 is the nth diameter moment and η = v 5 ρM 5 is the total packing fraction. As for the matrix L 2 , it obeys the quadratic equation
(1 − 6η) 2
In general, the solution to Eq. (A7) must be obtained numerically [35] . However, an analytical form is possible for a binary mixture with an infinitely diluted component (the solute), as shown in Appendix B.
The asymptotic behavior of the functional G ij (s) required in the evaluation of the RDF contact value [Eq. (2.8)] can be derived from (A1) as
where we have called B ∞ ≡ lim s→∞ B(s). It was shown in Ref. [35] that
respectively, and denote by σ 1 = σ and σ 2 = ξσ 1 the respective diameters. Next, we take the test particle limit for the solute, i.e., x 1 → 1, x 2 → 0, so that M n → σ n . This drastically simplifies the matrices (A8)-(A12).
Let us write the matrix L 2 as
The (1, 1) element of Eq. (A7) yields a closed quadratic equation for λ 11 . The physical solution is identified by the condition lim η→0 λ 11 = finite with the result 
b 22 = 2+12ξ +15ξ 2 +6η(6+ξ −15ξ 2 )+6η 2 (2−3ξ), (B9) c 22 = 3η(3 + 5ξ + 2η)λ 11 + (1 − 6η)λ 21 .
It can be easily checked that if the solute is equivalent to a solvent particle (i.e., ξ = 1), then the elements λ 12 , λ 21 , and λ 22 coincide with λ 11 , as expected. Now we determine the contact values. Taking into account that η = π 2 ρσ 5 /60 and using Eqs. . By inserting the explicit expressions of λ 11 and λ 12 it is straightforward to check that Eqs. (B15) and (B16) reduce to Eq. (3.3) and (3.1), respectively.
